We study the Quantum-Mechanics on the hyper-Kähler manifold that is the blow-up of an A 1 -singularity. This system is relevant for M(atrix)-theory as it was conjectured to describe scattering in the "noncommutative" deformation of a free 5+1D tensor multiplet in the sector with two units of longitudinal light-like momentum.
Introduction
A single M5-brane is described at low-energies by a free tensor multiplet with N = (2, 0) supersymmetry. An extension of the free tensor multiplet to an interacting theory has been suggested in [1, 2] . It was motivated by the string-theory realization [3, 4] of gauge theories on a noncommutative R 4 . This conjectured 5+1D theory breaks Lorenz invariance explicitly.
It is assumed to depend on a constant anti-self-dual 3-form parameter Θ ijk of dimension Mass −3 . At low-energies the theory reduces to the free tensor multiplet.
In [5] a consistent limit of the M5-brane with a strong 3-form field-strength was presented and it was suggested that at low-energies this limit describes a decoupled "noncommutative" (2, 0)-theory.
Recently, the theory has been re-incarnated in 3
• ⌣ ⌢ 1 -theory [6] . There, a limit with a critical time-like component, H 012 , was studied and was argued to yield a decoupled theory. At low-energies it reduces to a free tensor multiplet. Presumably, this is the "noncommutative" (2, 0) theory with nonzero Θ 345 = Θ 012 . In [6] , time-like noncommutativity, critical electric fields and space-like noncommutativity are related in a unified structure. (See also [7] - [9] and [10] for previous results.)
The action of a U(1) gauge-theory on a noncommutative R 4 , can be expanded as the free action plus terms that are of higher order (in the noncommutativity) and depend only on the field-strength F ij and its derivatives [5] . Similarly, the equations of motion of the noncommutative 5+1D theory can, presumably, be expanded in Θ ijk . We will derive the leading terms in section (2) .
One of the exciting features about this interacting theory is that it has a conjectured M(atrix)-model [11] that is described in terms of a quantum mechanics on a nonsingular space [1, 2] (see also [12] for a previous description of the quantum mechanics).
The simplest nontrivial sector of this M(atrix)-model is the sector with longitudinal, light-cone, momentum of p = 2/R , where R is the radius of the light-like direction. It describes the scattering of two massless particles, corresponding to the tensor multiplet, each with longitudinal, light-cone, momentum of p = 1/R . This is similar to the calculations of scattering of gravitons and their supersymmetric partners [13, 14, 15] in the M(atrix)-model of 10+1D M-theory. The M(atrix)-model for the noncommutative tensor multiplet with p = 2/R is described by quantum-mechanics on a blown-up A 1 -singularity. In this paper we will study this quantum-mechanics and calculate the low-energy scattering, in the quantum-mechanics.
The paper is organized as follows. In section (2) we describe the leading order lowenergy limit of the noncommutative M5-brane theory. That is our motivation for studying the quantum-mechanics on a blown-up A 1 singularity. In section (3) we describe in details the Quantum Mechanics on the blown-up A 1 singularity. In subsection (3.3) we calculate the s-wave scattering amplitude on the A 1 singularity. In the appendix, we present the 1 Sorry. . . that's the best we could come up with in L A T E X! calculation for scattering of two scalar particles in field-theory, up to order O(Θ) 2 .
Motivation: noncommutative M5-brane
One motivation for studying the QM on the blown-up A 1 -singularity is that it is the M(atrix)-model for the noncommutative deformation of a free 5+1D tensor-multiplet. We will now describe this theory at lowest order in the "noncommutativity."
Free M5-brane
A single M5-brane is described, at low-energies, by a free tensor multiplet of N = (2, 0)
supersymmetry. The bosonic fields are 5 free scalars, φ I (I = 1 . . . 5) and a 3-form tensor field-strength H ijk with equations of motion:
Here, indices are lowered and raised with the metric:
and the anti-symmetric ǫ-symbol is normalized such that: ǫ 012345 = +1. In particular, we have: H 012 = H 345 . The notation [ij . . . k] means complete anti-symmetrization. Thus:
The normalization is such that on 3-cycles:
Later on, we will need the propagator:
We calculate it by adding a self-dual part to H ijk and writing it as H ijk = 3∂ [i B jk] with the action (See for instance [16] for details):
We then keep only the anti-self-dual part of the propagator. The result is:
The interacting theory
The interacting theory is described by interactions L int (Θ) that depend on a constant antiself-dual 3-form Θ ijk . It satisfies:
L int involves the fields φ I , H ijk , the fermions and their derivatives.
To first order in Θ, the interactions can be described by a self-dual dimension-9 operator,
The bosonic part of the interaction turns out to be:
At order O(Θ) 2 , the scalar fields have a quartic interaction:
These terms can be determined by dimensional reduction, as we will now explain.
Dimensional reduction to 4+1D
If we compactify on S 1 of circumference 2πR, the dimensional reduction to 4+1D proceeds according to:
To first order in θ, the 4+1D action is [17, 18] :
Assuming that supersymmetry protects the leading interactions from loop-corrections, we can obtain (3)-(4) by requiring that dimensional reduction should produce the latter corrections in 4+1D SYM.
3 Quantum-Mechanics on a blown-up A 1 singularity
In this section we will describe in detail the quantum mechanics on the target space -the blown up A 1 -singularity. The quantum mechanics has N = 8 supersymmetry and this is related to the hyper-Kähler structure on the target space. For a generic description of QM on hyper-Kähler manifolds, see [19] .
The geometry
The M(atrix)-model of k coincident M5-branes in the sector with longitudinal momentum p = N is postulated [1, 2] to be described by Quantum Mechanics on the manifold
where the group U(N) acts on the N × N complex matrices X and Y and on the k × N complex matrices Z and W in the natural way. For any N and k, the trace of matrices X and Y is a flat four-dimentional space R 4 and so we can write M N,k = R 4 ×M N,k . This flat four-dimensional part corresponds to the center-of-mass coordinates. We study a single M5-brane, k = 1, and N = 2. The manifoldM N =2,k=1 ≡ M is the blown-up A 1 singularity.
It must be the same asM N =1,k=2 , as can be confirmed explicitly. The metric is easier to obtain in the second case, for k = 2, N = 1, when M can be embedded in
where A is a 2 × 2 complex matrix and σ i are the Pauli matrices.
These conditions (ignoring the U(1) quotient for now) can be satisfied by parametrizing A as follows
where g is an arbitrary element of SU (2), and ξ, r and ǫ are real. The induced metric on this five-(real)dimensional manifold is given by
To obtain the U(1) quotient, we must choose a function ǫ(r, g) such that the distance between (r, g, ǫ(r, g)) and (r + dr, g + dg, ǫ(r + dr, g + dg)) is minimized. This corresponds to choosing ǫ(r, g) in such a way that the last term in the above equation vanishes. Thus, the metric on M is simply
It is apparent from equation (6) that M is invariant under SU (2) acting on A on the left and under U(1) acting on the right. g can be parametrized by three angles θ, φ and α in such a way as to make these symmetries explicit
θ runs from 0 to π, and φ and α run from 0 to 2π. Under this parametrization we find that the metric becomes
It will be convenient to make the change of variables cosh(2r) = R 2 (R runs from 1 to ∞)
It is apparent that, for large R, M approaches flat space, namely R 4 /Z 2 . This is the metric for the blown-up A 1 singularity.
For later reference, let us here record that the scalar Laplacian is
and that it is fully separable.
It is known that the manifold M is a hyper-Kähler manifold, a fact crucial to the existence of N = 8 supersymmetric QM. An explicit hyper-Kähler structure for M will now be given.
The following coordinates
are good complex coordinates for M. In these coordinates, the metric is
which is clearly Hermitian and easily confirmed to be Kähler, with a Kähler potential
Also, the determinant is g = 1, so M is Ricci-flat, since
We have 2 more Kähler forms Ω 2 and Ω 3 ,
Explicitly, these are (written in the complex coordinates (a, b,ā,b))
Later, we will need a complex structure defined as usual by
Quantization
The construction of the N = 8 supersymmetric algebra and its representation in a coordinate basis presented in this section is general to any 2-(complex)dimensional hyper-Kähler manifold. We will first construct the N = 4 supersymmetric quantum algebra, following a procedure similar to that in [20] , and then extent the supersymmetry to N = 8.
The Lagrangian is obtained by dimensionally reducing the d=4, N = 1 chiral supergravity Lagrangian in flat space [21] . Since after dimensional reduction the original SO(3,1) spinor indices loose their meaning, we will use SU(2) spinors, making no distinction between dotted and undotted spinor indices. Writing SU(2) spinors on the right and SO(3,1) spinors on the left (using the spinor conventions in [21] ) we define
The spinor products can be defined in our conventions as
Notice that this implies that (χ α ) † =χ α and (χ α ) † = −χ α which in turn gives
Finally, following [21] , ǫ 12 = −ǫ 12 = 1.
In this notation, the dimensionally reduced Lagrangian is
where D t χ i =χ + Γ i ab χ ażb and the two forms of the Lagrangian differ only by a total time derivative. We will use the second form, which is real.
The conjugate momenta are
And their canonical Poisson brackets are
This system possesses fermionic constraints of the second kind
whose Poisson bracket is
Following standard procedure [22] , we define the Dirac brackets
Canonical quantization proceeds by substituting
priate. Evaluating the Dirac brackets for all quantities, we obtain the following algebra
The commutators of z i andzj with the fermions χ iα andχj β vanish. Define
The commutation relationships of P k andP  alone are not as relevant to what will follow as the commutation relationships involving P + K andP +K. With some work, it can be shown that
and that
The (classical) Hamiltonian obtained by a standard procedure is
Since R ab = g ij R ijab = 0, there are no ordering ambiguities and thus (32) can be simply taken to be the quantum Hamiltonian. A very important cyclic identity for the fermionic coordinates is that
This identity must be used with care for the quantum fermionic coordinates, since they have non-trivial anti-commutation relationships. Nevertheless, the Hamiltonian can be rewritten as
The (classical) supersymmetry transformations are given in [21] 
With some work, the Nöether current can be calculated for the real form of the Lagrangian (22) to be
The minus sign is related to the minus sign in equation (21) . Defining the SUSY generators through J SU SY = Q α ξ α +Q αξ α we obtain that
There are no ordering ambiguities when interpreting these as quantum operators.
It is now a matter of another careful computation to confirm that the Q's satisfy the SUSY algebra
We must represent this algebra in a coordinate basis. There are 4 fermionic coordinates and thus the Hilbert space can be written as a 2 4 = 16-dimensional vector of complex functions of z andz. Equation (28) suggests that we associate P i with −i∂ i andPj with −i∂j. Naively, this would disagree with (30) and (31). We need to pay attention to how these partial derivatives act on the fermionic basis.
Let us begin by noticing that
and
It is consistent with all commutation relationships to
¿From the no-fermions state | ↓ we can construct the one-fermion state in two ways: using
It can be then checked by an explicit calculation that the following is consistent with all commutation relationships
Thus, one should think of | ↓ as being independent of both z andz, of χ iα andχ α i as being holomorphic functions and χ ᾱ j andχj α as being antiholomorphic functions.
We can continue this procedure by defining two, three and four-fermion states |χχ , 
For the one-fermion states, f iα (z,z)|χ iα , the equation is
And, finally, for the two-fermion states, f nmαβ (z,z)|χ nα χ mβ , we obtain
The equations for three-and four-fermion states can be obtained by analogy to (43) and (42).
Given the tensor J defined in equation (18), we obtain four more supersymmetry gener-
These can be confirmed to satisfy N = 8 SUSY algebra, namely
In proving the above relationships, we need to use the properties of J: the metric is hermitian, J is covariantly constant and the Nijenhuis tensor, N (J), vanishes.
Scattering
Consider the simplest scattering question -s-wave scattering of one of the scalar particles in the low energy regime. This is described by −∇ 2 f = Ef . The Laplacian was given in equation (13) . For s-wave scattering, f = f (R) and the differential equation to be solved is
Let y 4 = ξ 2 E ≪ 1 and define x = yR. We can then rewrite (48) as
For x ≪ 1/y we can treat the RHS of equation (49) as a small perturbation. Keeping the solution finite at x=y, we obtain a solution as an expansion in y
For x ≫ y, rewrite (49) as
The RHS is again a small perturbation. The solution with the RHS set to zero is the asymptotic solution at infinity 2 y
(the factor (2/y) is for convenience only). We need to obtain the lowest order correction due to the RHS, which is −y 6 /24x 2 . The expansion in y is thus
Since the region of validity of the two expansions (50) and (53) in y overlaps for x ∼ 1, they should match. We need to cancel the x −2 terms in expansion (53), and thus
3.4 The SO(5) symmetry and two-particle states 
This being just a change of variables, we know how it will act on the fermionic variables χ
The newχ's must annihilate the new vacuum, and so we infer that
where 1, 2 are concrete fermionic indices. Similarly, we obtain the action on | ↑
which can be rewritten as
if we define that
We also need
Repeating this calculation for the change of coordinates generated by using Ω 1 + ǫΩ 3 instead
of Ω 1 ,we obtain that the following three states form a basis for a real three dimentional
The first and third states are singlets under SO(3) f , but the second one is not -it is part of a triplet. Filling in the triplet gives us the complete basis for the SO(5) representation we were after
By construction the SO(5) transformations must commute with the Hamiltonian. This manifests itself in the fact that
as can be checked explicitly. All five of the scalars have the same equation of motion. We now know which of the 6 two-fermion states |χχ correspond to scalars and which to the 3-form field. The later is represented by the singlet states under SO(3) f , namely by f ij ǫ αβ |χ iα χ jβ where f ij = f ji has three independent components as needed.
Relation to the M(atrix)-model
The calculation that we performed should be compared with the O(Θ) 2 scattering in the M(atrix)-model of the noncommutative tensor multiplet. We will not perform the comparison in detail here [23] . For the scattering of two massless particles, there are 4 Feynman diagrams that contribute at O(Θ) 2 . One from the quartic vertex (4) and the other contributions are from the tree diagrams (the s, t, u channels) with two cubic ΦΦH vertices as in (3) and an
[HH] propagator.
Let us see what does this all mean for scattering of two scalar particles on the M5-brane.
Let the fermionic coordinates corresponding to the centre-of-mass coordinates be denoted by ψ iα , and those corresponding to the individual particles be A iα = (χ iα + ψ iα )/2 and B iα = (χ iα − ψ iα )/2. Since for scattering we are only interested in asymptotic states, we can assume that everything happens on a flat manifold. Now, a state of two identical scalars A and B is just |φ 
Thus, the scattering matrix for ψ
A.2 Large impact parameters
The approximation of large impact parameter corresponds to t ≫ s, u. In this case the (because it is a harmonic function only in the transverse directions).
In this approximation with keep only the t-channel and we set:
The notation is:
and R is the radius of the light-like direction of M(atrix)-theory. We set:
and assume that | p| ≪ | v|.
Following [1, 2] , we set the nonzero components of Θ to be Θ ab+ ≡ θ ab , with a, b = 1 . . . 4 and θ is anti-self-dual on R 4 . We find that the amplitude is proportional to:
After a Fourier transform with respect to p, this indeed produces a force that is proportional to v 2 /r 4 .
